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Abstract. The paper outlines an analytical treatment of the slowing down of positi®ns
implanted into condensed matter based on the rather weak assumption that the loss of energy
or momentum and the scattering angle are uniquely related. It goes beyond the mathematical
techniques developed for the slowing down of neutrons by allowing for the annihilation rate of
positrons and making use of the fact that fdr, @wing to its small mass, the energy loss per
collision is usually very small compared with the kinetic energy. Explicit expressions are given
for the sample-averaged momentum distribution of positrons as a function of the positron age
and for the distribution function in space, momentum magnitude, and time of positronium that
is slowed down by the interaction with optical phonons.

1. Introduction

During the past four decades, the annihilation of positroh} lfi@as become an indispensable
tool in condensed matter studies. The interpretation of the information contained in the
annihilation radiation is very often based on the assumption that the positrons are thermalized
in times that are short compared with the positron lifetime, so that annihilation ‘in flight’
(in contrast to annihilation while theteare diffusing in thermal equilibrium with their
environment or are trapped at, say, crystal imperfections) may be neglected. The time
interval between the implantation of arf énto condensed matter until its kinetic energy
has been reduced t&gl'/2 (kg = Boltzmann’s constantl = absolute temperature) may
be subdivided into a slowing-down period and a thermalization period according to the
following criterion. In the slowing period the rate of loss of the energy is temperature
independent, whereas the loss mechanisms dominating during the thermalization period
(usually involving phonons) depend on the sample temper&ture

Typical kinetic energies with which*eoriginating from thes*-decay of a neutron-
deficient nuclide without moderation or acceleration are implanted into condensed matter
are in the range 0.1 MeV to a few MeV. Positrons in so-called slow-positron beams have
typically kinetic energies between a few keV and about 50 keV (a more descriptive name is
therefore ‘keV beams’). In these two modes of implantation the in-flight annihilation may
usually be neglected. This is not so for MeV beams (also called ‘relativistiddeams),
an example of which (the Stuttgart beam [1]) usually operates at"akinetic energy of
4 MeV. Lauff [2] has estimated that in this case about 0.15 of the positrons implanted into
Pb annihilate in flight.
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For the most important loss mechanisms the energy-loss +at&,/dr, is known; so
for a given starting energy of the"ethe slowing-down and thermalization periods may
be estimated. The situation is quite different with regard to the spatial distribution of the
implanted positrons. Since the mass of the positrons is small compared to the atomic masses,
scattering through large angles is rather frequent. This has the well-known consequence that
already during the slowing-down period the motion becomes diffusive and that, therefore,
the € do not have a characteristic range, in contrast to heavier electrically charged particles
such as protons, deuterons,coparticles. For many applications, in particular for the use of
keV beams of adjustable energy to study depth profiles of trapping sites in layered materials,
it is of utmost importance to be able to calculate the spatial distribution of the implahted e

A related problem of some practical interest is the following: whéncapture an
electron (e) to form positronium, Ps= (ete™), the energy-loss rate is suddenly reduced
since owing to the electrical neutrality of Ps the mechanisms primarily responsible for the
slowing down of the € cease to operate [3]. What are the chances for the neutral Ps
‘atoms’ to escape from the ‘spur’ of electrons and defect electrons (holes) that thade
produced before Ps was formed? To answer this question we must be able to estimate, as a
function of timer and distancer, the probability distribution of Ps generatedrat O and
r=0.

So far, the types of question sketched in the preceding paragraphs have been approached
preferentially by Monte Carlo computer simulations since, except for a few very simplified
cases, the situations appeared too complicated to be handled analytically. This view appears
to have overlooked the fact that very similar problems arose about six decades ago in
investigations of the slowing down of neutrons in cosmic-ray studies [4—7] and not much
later in the design of nuclear reactors [8—13]. It is the aim of the present paper to adopt and,
where necessary, to supplement the earlier work on the slowing down of neutrons for the
positron and positronium case. It will be shown that it is possible to proceed quite a long
way by analytical techniques and that the numerical work can be postponed till the very
last stage of the calculations, when specific slowing-down and thermalization mechanisms
have to be taken into account. Moreover, the computations that may eventually be required
are quite straightforward once the mechanisms of energy loss and scattering are known.

The present paper gives a brief outline of the theory and of the underlying physical
ideas and mathematical techniques. A more detailed account was submitted to SLOPOS
(the Symposium on Slow Positron Beams, held in Cape Town in September 1998, to be
published inApplied Surface SciengeAs an example we treat the slowing down of light
particles due to their interaction with phonons describable by the Einstein model (so-called
optical phonons). This is thought to be a good model for the slowing down of positronium
in all positronium-forming substances with optical phonon branches (i.e., in all condensed
Ps-formers with the exception of the rare gases) [3].

2. The transport equation

In the following the particles (e or Ps) are described as an ensemble that is dilute enough
for any interaction between them to be neglected. The independent variables are the
location , the momentump(2, where ©2 is a unit vector (in the following frequently
referred to as the ‘flight direction’), and the timme We will have to consider four different
distribution functions. The simplest of them are th#ferential number density(r, €2, p; 1)

and thedifferential particle flux®(r, 2, p; t). The quantityn(r, Q, p; t) &r d?Q dp is

the number of particles in the six-dimensional ‘volume elemert d?Q dp (or, with
suitable normalization, the probability of finding a particle in this volume element) at time
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t. Number density and particle flux are related by
@(r, Q, p;t) = vn(r, Q, p; 1), 1)

wherev is the velocity of the particles. Often we are not interested in the dependence on
all of the independent variables in (1). If we integrate o%eor p, we simply drop these
guantities in the arguments. For example, plagticle densityis

nr,t) = % /Oon(r, Q, p;t)dp d’Q 2)
0

(f signifies that the-integration extends over the full solid angler 4r) and the particle
flux is

P(r, 1) = f/oo v(p)n(r, Q, p;t) dp 2Q =: (V)n(r, 1), (©)
0

where the right-hand equation [3] defines the average sfiged he two other distribution
functions required, the event-rate densltyand the slowing-down densig, will be defined
later.

Depending on the choice of the dependent variables and of the spatial coordinate system,
the transport equation, which expresses the local balance of the differential number density,
may be written in different forms. If we multiply the first form,

0 Q, p:t
% — —Q.grad®(r, Q, p: 1) — (Se+ S0 ®(r, Q. p; 1)

o0
+ / fﬁs(ﬂ’ > Q. p = p®@, Q. p;r) P dp’ + S(r, Q, p; 1),
0
(4)

with the six-dimensional volume elementrdd?Q dp, the left-hand side becomes trate

of changeof the number of particles in that volume element. The first term on the right-hand
side is then the differentiahte of leakageout of cfr, the second one the sum of thesses

by scatteringinto other flight directions and bgnnihilation and trappingf et or Ps. This

term describes the loss by scattering in terms of tfeeroscopic scattering cross section

3s = X4(p), which is equal to the inverse of the mean free path between scattering events,
I51. The macroscopic cross secti@y accounts for botrannihilation and trapping For
non-relativistic positrons the annihilation rate and hence their mean lifetirae velocity
independent. Thus the contributionarinihilationto the macroscopic cross secti&iz may

be written as

Ba(p) = @v) T =14 )
wherel, is the ‘mean free path for annihilation’. Theapping ratemay show resonances
as a function ofp; well below such resonances its contribution 33 has the velocity
dependence (5), too.

The third term on the right-hand side of (4) accounts fordhé by in-scattering into
d®r d?Q2 dp from flight directions other tha® and momentum magnitudes other than

The relationship between the scattering cross sections appearing in the second and third
term on the right-hand side of (4) is

S(p) = fo Sdp' = p) dp’ ®)
with
B0 > p) = B > 2y > p) . 7)
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Finally, the last term in (4) describes internal sourcesofoe Ps. In many cases it may
be replaced by suitable initial and boundary conditions, so that the equation to be solved
becomes homogeneous. In the discussion of the mathematical techniques we shall therefore
emphasize solving the homogeneous transport equation.

The transport equation (4) may be given another form by introducinglifferential
event rate density

‘I’(Ts Q? p; t) = [ES(P)+2a(P)] Q(T’ Qs p; t) (8)

as the dependent variable. For homogeneous media (i.e., macroscopic cross sections that
are r-independent) this leads to

1 ow(r, 2, p;t)

Q-.grad¥(r,Q, p;t) + ¥(r,Q, p; 1)

(Ea + Ea)v 8t 23 + Ea
3s(p’ (- Q. p
— f S(p) % S( g P> p)‘I’(’f’, Q/, p/; [) dﬂ/ dpr
Xs(p") + Xalp”) s
+ S(r, Q, p; 1). 9)

In transport problems the direction of the net flow of particles provides us with a preferred
space direction, which we may use as tkexis of a polar coordinate system. If the direction
cosine with respect to this direction is denoted by#pghe homogeneous equation (9) may
be written as

1 19®(r,Q, p;1) ¥ (r, Q, p; z)}
— +cosp——mM—~= —‘r‘I’T,Q, s
Zo0) + Za(p) [v o1 oz (. & pit)
© >(p’ (Y Q. p
:/ =lp) yﬁ L2 Dy, pin P dp
o Zu(p) + Za(p) ()

(10)

Equation (10) is a form of the transport equation that is frequently used in astrophysics.
[14, 15]. It shows that for plane problems, in which there is only one relevant spatial
coordinate, solutions may be factorized with spatial factors(xp), where « is an
eigenvalue parameter [13]. We shall return to (10) in section 6.

Equations (4), (9), (10) are linear integro-differential equations that allow us, in principle,
to calculaten, ®, or W for a given scattering mechanism and for given initial and boundary
conditions. They are, however, too complicated to be solved exactly in non-trivial cases.
Our next task is to simply the equations in ways that allow us to obtain good approximate
solutions for specific problems. Important steps are the introduction of the momentum
scattering probabilityg,(p’ — p), and of the fourth dependent variable, the slowing-down
densityZE(r, p;t).

3. Momentum scattering probability and slowing-down density

The momentum scattering probability
3s(p" — p)
3s(p)
is defined as the probability that a scattering process changes the magnitude of the particle

momentum from its initial valuey’ to a value in a unit interval aroung. For the time
being we confine ourselves to cases in which the target is at rest in the laboratory system

(the system introduced at the beginning of section 2) and where internal degrees of freedom
of the target do not come into play. (Such scattering events are usually called ‘elastic’,

gp(p' = p) = (11)
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although the nomenclature is not uniform.) Since under these circumstances the energy and
the momentum magnitude of scattered particles cannot incrgaée’, — p) is zero for
p > p'. If Bp’ denotes the lower limit of the momentum magnitwaféer the scattering
event, g,(p’ — p) is different from zero only ifp lies in the interval pp’, p'] with
0 < B < 1, called thecollision interval The lower limit 8 = 0 is reached for two-body
collisions of particles with equal masses. The fact that, owing to the smathass, for
most positron scattering mechanisgss very close to unity will play an importandle in
the following developments.

The probability that a particle with initial momentum magnitugé > p has a
momentum magnitude” < p after scattering is given by

G(p',p) = /p g gp(p" — p") dp. (12)
p'=pp
Obvious properties o& (p’, p) are
AG(p', p)/3p = &,(p' — p), (139)
G(p/B.p) =0, (130)
Gpp.p=1 (1)

From (13), (1) it follows that as a function of the first of its independent variables,
G(p', p) alwaysvaries between 0 and 1, no matter how narrow the collision interval is.

An important quantity that may be expressed in terms of eghep’ — p) or G(p/, p)
is the averag#ogarithmic momentum loss per collisio,, defined as the loss per collision
of the logarithm of the momentum of particles with a given initial momentum magnitude
p. We thus have

/ I p,=p / / /
&p = (In(p/po) — In(p’/ po))p = (In(p/p"))p =/ In(p/p"Hgp(p — p') dp’,  (14)
p'=Bp

where pg is an arbitrary reference momentum. Integration by parts gives us

P'=p 1 ’ / Ing'=inp ’ /
5{)2/ —G(p,p')dp :/ G(p, p) dinp'. (15)
p=pp P In p'=In p—In(1/B)

The slowing-down densityg(r, p; t) is defined as the number of particles per unit
volume that are slowed down past the momenfumer unit time. From the density of the
rate of scattering events with initial momentum magnitwde

3s(p)
Ys(p) + Xalp)
we obtain that of the events leading to the final momenturby multiplying (16) by
G(p', p) and integrating over all initial momenta. The slowing-down density is thus given
by

Ss(pH®(r, p'st) = W(r, p'i1), (16)

D X))
Z(r, p;t) Z=/ ——G( ! YW (r, " Hd ! 17
P ey S+ Da(p L PEIPRDER (17)

Taking into account (18, we deduce from (17)
IE(r, pit) /1”=1’/f‘ Zs(p)
op p=p  Zs(p) + Zalp))
Ys(p)

SR S| | . 18
Sop) + Salp) P (18)

gp(p'— p)¥(r, p's1) dp’
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Since according to (7) and (11) the scattering probability may be written as

8 = p) = (f s — Q. p' = p) d"‘ﬂ’) [=s(p) (19)

we may use (18) to rewrite the transport equations, after integrating over all directions of
flight, as

0E(r, p; 1) 1 |:1 oW (r, p;t)
ap Ys(p) + Balp) Lv ot
1

T Zu(p) + Za(p)

The pair of equations (17), (20) constitute a fourth form of the transport equation. They
are much simpler than (4), (9), or (10) since they no longer corftaizs an independent
variable save for on the right-hand side of (20), whe&restill appears as a variable of
integration. It is the handling of this term that determines the various approaches to the
solution of the transport equation to be discussed in the remainder of the paper.

+Xa(p)¥(r, p; t)} +S(r, p; 1)

%Q - grad® (r, Q, p; 1) d?Q. (20)

4. Narrow collision intervals

So far, the treatment of the linear transport equation has been general. In the present section
we make use, for the first time in the present paper, of the fact that for positrons the collision
interval is narrow, i.e. thas is close to unity.

Since the independent variables®@fp1, p,) must appear in dimensionless combination,
for narrow collision intervals we may write

G(p1, p2) = G(n(p1/p2)). (21)

Inserting (21) into (15) allows us to replage by p; as the variable of integration, giving
us

n=p2/B 1 In p1=In p>+In(1/B)
& = / —G(p1, p2) dp1 = / G(p1, p2) dinps. (22)
|

p1=p2 1 n p1=In po)

Since in the limit3 — 1, G(p1, p»2) is the only quantity in the integral of (17) that varies
appreciably over the collision interval, we may use (22) to replace (17) by

Ss(p)p(r. pin) [P L ,
= =SPP L P =G(p', p) dp
2s(p) + Za(p) Jy—p P

__ B .
= S + Za(p) P Y 20 3)

—

S(r, p;t) =

5. Sample-integrated quantities

One way of handling the bothersome right-hand side of (20) is to make use of the identity
div[®(r, Q, p; Q] = Q - grad¥® (r, Q, p; 1) (24)

to integrate (20) and (23) over the entire sample (assumed to be homogeneous), and to
employ Gauss'’s integral theorem in order to transform the right-hand side of (20) into an
integral extending over the sample surface. With the convention that dropping the space
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variables from the arguments of the field quantities indicates integration over the entire
sample, equation (20) becomes

0E(p.1) 1 |:1.8\Il(p,t)
ap Ys(p) +Balp) Lv 9t

= ;%// T(r,Q, p; Q- A PPQ, (25)
Ys(p) + Xalp) surface

where ¢ A denotes the vectorial surface elements of the sample.

Equation (24) may be very useful in the interpretation of positron annihilation
experiments that integrate over the entire sample. Suppose that the sample is large enough
for the escape of 'eto be negligible. Then the right-hand side of (25) is zero. Making
use of the relationship (23) betweeh(p,r) and ¥(p,t) gives us an inhomogeneous
linear first-order partial differential equation f&(p, r) that may be easily solved by the
mathematical technique to be described below. If the source emits positrons with a wide
momentum distribution (as g*-source does), then the integration of (25) must be followed
by convoluting the result with the-distribution of the source.

Another situation of practical importance that may be described by means of (25) is the
following. Positrons are injected through part of the sample surface (e.g., a planar surface
of a slab). There are no internal sources; the escapée dfoen the sample is negligible.
Then the right-hand side of (25) is a known functionpofind¢ that may be absorbed into
S(p, t), and the mathematical problem is the same as in the preceding example.

If we Laplace transform (25) with respect to time and denote the Laplace-transformed
guantities by a tilde, e.g.

+Ea'1’(177[)i| +S(pvt)

E(p;n) = / E(p. 1) exp(—nr) dr, (26)
0
we obtain the ordinary first-order differential equation

0Z(p;n)  Talp) + /V)E(p; 1)
ap p&p(p)Xs(p)

Its general solution is

= B dp f a(p) dp )
E(p;n) —eXP<’7/ pvé,(p)s(p) " pép(P)Xs(p)

= Sa(p) + (n/v(p))
C— S(p: ,0F —/ d /> d },
X{ / [ (p;n) +n(p )] eXIO( e (7D p' | dp
(28)

+ 8(p: n) +n(p,0) =0. (27)

whereC is a constant of integration.
As an example, consider the creationmgfparticles with a fixed momentumy at time
+ = 0. This may be taken into account either through the source &pmn) or through
the initial conditionn(p, 0) = negd(p — po). In either case these terms are proportional to
a s-function of pg — p’. This means that the-integration inside the curly bracket of (28)
may be carried out immediately, yielding a constant that may be absorbed in the constant of
integration,C. We thus get for the Laplace transform of the sample-averaged slowing-down
density

z m () dpf ] [ [F o ]
S(p;n) = Cexp|— e (5o ° B ' *
(pim) exp|: /pfzp P&, (p)HXs(p) G e I r'=p P'vEpXs(p') )
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Making use of
exp(—an) = / 8(t —a)exp(—n) dt (30)
0

as well as of (1), (16), (23), we obtain for the sample-averaged number of particles of
momentump at timet

C 1
nip,t) = —— S(t — 31
n(p,t) S0P PE () exp( ?f(p)> t— f(p) (31)
with
Po dp’
= . 32
A /p/_,, Pv(p)E, (P Es(p) (32)

For simplicity, in (32) we have assumed the validity of (5), i.e., we have neglected trapping.
We see that because of thdunction in (31) the exponential function becomes @xgy7),
in agreement with physical intuition.

Equations (31) and (32) may be simplified further by introducing the mean time between
scatteringszs, according to

Y= (vt L (33)
and noting that for narrow collision intervals we may write
1/dp
=——|—= 34
EI’ p < d[ )STS’ ( )
where—(dp/dr)s is the rate of momentum loss due to scattering. We thus obtain finally
_ no _
np,t) = ———exp(—t/7)é(t — ) 35
(p, 1) (dp/dn, p(—1/T)8(t — f(p)) (35)
with
P dp’
= B — 36
10 = . (36)

Equation (35) forms a suitable starting point for analysing AMQ€age—momentum
correlation) data on the slowing down of positronium that has been formed with kinetic
energies that are large compared witty B/2 [16].

6. Weak anisotropy

Weak anisotropyefers to a property of the distribution of flight directions. It implies that
the differential particle flux is well represented by

1
P(r,Q, p;t) = - [®(r. p; 1) +3J (7, p; 1) cOSV ] (37)
T
and that

J(r,p;t) L ®(r, p; 1) (38)

holds. In (37), co® denotes the direction cosine of the flight directi@nwith respect
to the z-axis of a suitably chosen polar coordinate systdrfn, p; t) is the density of the
particle current in the-direction.

Unless the interaction leading to scattering is of extremely long range (as is, e.g., the
Coulomb interaction), its description in terms of s and p scattering in the laboratory system
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as well as the assumption th&(Q2" — Q, p’ — p) has rotational symmetry should be
adequate. This means that we may write

! / l ! ’
S > Q,p > p) = y [Zs(p’ — p) +3=P(p' — p)cost]  (39)

with
+1
P - p)=2n / (2 — Q, p' — p)cosy dcos. (40)
-1

For later use we introduce the quantities
Zm(p = p)i=3s(p' = p) ==L (P — p), (41)
called the macroscopidifferential cross section for momentum transfer, and

S(p) = /O Sn(p — p) dp', (42)

the macroscopitotal cross section for momentum transfer (also known as transport cross
section).

Insertion of (37) and (39) into (10) gives us the following pair of coupled equations for
the event density’ (», p; t) and the current density(r, p; t):

1 o¥(r, p;t) n oJ(r, p;t)

[Bs(p) + Za(p)]v 9t 5. T E@pD
= /Ooo %‘P(n pit) dp, (43)
! 0J(r. pit 1 2% (r, p;
SRR 3[Sx(p) + Za(p)] I
= Aw%ﬂr,p’; t) dp’. (44)

The integral on the right-hand side of (43) may be evaluated as follows, making use of (11)
and (19):

/ * XEs(p' = p)

o Xs(p)+ Xalp')
/p’—p/ﬁ >(p)

p'=p ES(P/) + Ea(P/)
d8(r, p; 1) 3s(p)
= + U(p). 45

o B(p)+Zap) “9

Because of the narrowness of the collision interval we are justified in replacing in the
integrand in (45)p’ by p except in the temE® (p’ — p). Laplace transforming (43) and
(44) with respect to time results in the pair

W(r, p';1) dp’

gp(p' — p)¥(r,p's1) dp’

aJ(r.pin) | Za(p)+/v) = 0EB@, pin)  W(r, p;0)
Y(r, p;n) — = : (46)
0z Ys(p) + Xa(p) op (Zs(p) + Xa(p))v
1 W (r, p; n)

5 1
+ (Em(p) + Zal(p) + (/o) J (v, p;n) = ;J(r, p; 0%).
(47)

3(Xs(p) + Xa(p)) 9z



10470 A Seeger

Differentiating (47) with respect te and eliminatingd J/dz gives us

1 32U (r, p;n)
3[Z:(P) + ZaP)] [Bm(p) + Zalp) + (/)] 922
Sa(p) + (n/v) & IE(r, p; n)
- B N T \(r, p; =8
Bp) + ap) TP T
1 aJ(r, p; OM) 1
= — W (r, p; 07).
En(p) + Za(p)v+1 0z o) + Sapyyo 0D
(48)

Using the Laplace-transformed equation (2&r, p; n) may be replaced b&(r, p; n).
We thus have succeeded in deriving a linear parabolic differential equatid(farp; 1)
with the special feature that its coefficients do not depend on the independent variable
This feature allows us to transform (48) into a diffusion equation by changing the variables
[17]. Since the general solution of the inhomogeneous equation (48) may be found by adding
a particular solution to the general solution of the homogeneous equation, we concentrate
on the latter equation.

With Z(r, p; ) as the dependent variable, the homogeneous equation following from
(48) reads
928 = =

0=
FEs + 3¥s(Em + Xa + (n/v))PSpE —3(Zm + Xa+n/v))(Za+n/v)E=0. (49)

The zero-order term in (49) may be removed by introducing as the dependent variable

B Ea / / ,
X(r, p;n) = E(r, p; n)exp[—/ ép(;f)r;g/g{;)) d } (50)
s 14
Choosing
s = }/”0 - (51)
3J, PEMPIE(PHEm(p) + Xalp) + (n/v(p)]

as the independent variable and going back to three space dimensions gives us finally

3% (r, p;m)/ds = V25 (r, p;n). (52)

This is the well-known diffusion (or heat-conduction) equation. Thus, all of the analytical
and computational techniques developed for solving this equation for given initial and
boundary conditions are available for the slowing-down problem of light particles, provided
that the conditions stated at the beginning of this section are satisfied.

The basic ideas of the present section were developed for treating the slowing down of
neutrons [7, 8, 10, 12]. In its simplest form (stationary state, absorption cross sBlhtion
small compared with the scattering cross secliy), equation (52) may be written as

—
0=
=

— —V2E=0 (53)
as
with
Eo / /
s =/ In(EDIS(E) dE’. (54)
g 3Ep(ENE

Here, in accordance with the usage in neutronics, the kinetic erfeiflggs been introduced

as a variable of integration and the macroscopic cross sections have been replaced by
the corresponding mean free paths (cf. section 2 and equation (55))s the average
logarithmic energy loss per collision, which in the non-relativistic case is relatégl by
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&g = 2£,. In neutronicss = s(E) is called the ‘age’ of neutrons that were slowed down
from an initial energyE, to the energyE, presumably because of the analogysofvith

the time-variable in diffusion problems. In the present context we refrain from using this
terminology for two reasons.

(i) For positrons, ‘age’ is used for the time that the leave spent in the sample when
they annihilate, irrespective of what their energy is at that moment (cf. section 5).

(ii) s does not have the dimension of time but of a length squared. As will be dem-
onstrated below, apart from a proportionality factas the mean square displacement that
the particles have undergone during slowing down from the initial en€egtp the energy
E. Nevertheless, for historical reasons the theory developed in this section will be referred
to as ‘Fermi’s theory of aging’ or, for short, ‘age theory'.

If we introduce the mean time between scattering evegtgccording to

ls = VTs (55)
we may write the average logarithmic energy loss per collision as
1/dE
=—(— , 56
=z () 56)

where (dE /dr)s denotes the rate of energy loss by scattering. Inserting (55), (56) into (54)
gives us
Eo  y(E')m(E') /E D(E")
§=— ———— ~dE' = — dE". 57
.. S, v, @E'/d0)s 7

In (57) we have made use of the expression

D(E) = vln/3 (58)
for the diffusivity D of the particles. In the non-relativistic limit we may write, for particles
of massm,

2 E'=Ey E’ E’
__/ m(E) dE’. (59)
3m Jp—p (dE'/dt)s
where

Tm =v/In (60)
is the relaxation time for momentum relaxation.

In the presence of internal particle sources, a source term has to be added on the right-
hand side of (53). Let us assume that in an unbounded space there is a particle source at
r = 0 and nowhere else, and that this source emits particles with a well-defined kinetic
energyEo. Then the solution of (53) with the normalization

/E(r, E;Ep) d®r =1 (61)
is [17]

E(r, E; Eo) = (4ms) "2 exp(—r?/4s). (62)
From (62) it follows that

(r2) == /rZE(r, E; Eg) d®r = 6s. (63)

Hence in this cases6has the physical meaning of the mean square of the distance over
which the particles slow down t& from their starting energ¥,. (The integration in (61)
and (63) extends over all space.)
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7. An application of age theory: slowing down by optical phonon scattering

For light particles such as positrons, the theory developed in section 6 is general. It may
be applied to any slowing-down mechanism satisfying the conditions of validity set out in
section 6. As an example, we shall treat the slowing down due to scattering by optical
phonons described by Einstein’'s model.

Einstein’s model postulates that the motion of the atoms in condensed matter can be
described by phonons with a frequengy, that is independent of the phonon wavenumber.
The notationwg, alludes to the fact that the Einstein model often provides a good description
of so-called ‘optical phonons’, i.e. of those phonon modes whose frequency approaches a
finite value when the phonon wavenumber approaches zero. Within the framework of this
model it is natural to describe the coupling between the particles and the phonons by a
wavenumber-independent deformation—potential parametgr,

In the model just outlined, the scattering probability is independent of the flight
directions before and after scattering, and hence of the scattering énglehis permits
the transport equation to be solved exactly if spatial homogeneity is assumed, i.e., if the
field variables are independent of[18]. In a material of density, for particles of mass
m the inverse of the momentum relaxation timg?, and the normalized energy loss rate,
—de/dr, are given by

-1 3/2 E2_cosecliiwop/2ksT)
Tm _[(m op op/ B 1/2 -1 1/2
== — ARee —D7* £ A (e +1 64
s } (2) a7 AR =D e+D"Y  (64)
with the abbreviations

Fore > 1, it follows from (64) that
1 de m3E§pcotanh}7wop/2kBT) (
= &

Tm dr h 27T2p255600p

—¢&*} (66)

with
* = cotantiwep/ kg T) =: E* /hwep. (67)

Inserting (66) into (59) gives us the mean square of the slowing-down distance as a
function of the kinetic energ¥ as

how ho, ¢'=Eo/hwop g/
6s = —= tanh| ——= / de’
m B2 2kgT ) Jo—e g —ge*

1 _ .. (Eo—E*
with
32(E. - /T2
- m (_op/ ) ] (69)
27 p (2hwop) 1/2

Of the parameters appearing in (68}, and thusk* (cf. (67)) may be deduced from
optical or specific-heat data on the material under consideration. In the application to pos-
itronium, m is twice the electron mass;.. The quantitiesEy and B are related to the

T It may appear puzzling that the energy loss rate is obtained by multiplying/ay,, the phonon absorption
and emission terms in the expression fgy* rather than that forg . The explanation is that in the present case
the effect of the weight factor (% cosy) (¥ = scattering angle) in the momentum relaxation rate cancels by
symmetry, sors = tm.
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formation and slowing down of P, being the (average) initial kinetic energy of Ps. If
the conditionE > E* is satisfied, the relationship

EY2 = E}* — (hwop) Y2 Bt (70)

holds, wherer is the time that has passed since the Ps was formed [3]. Making use of
the relationshipE/? = (2m)~Y/2p, where p is the momentum of the annihilating electron
positron pairs, the AMOC technique [16] allows us to determinertdependence of the
p-distribution and to deduce from this boffy and B(iwop) /2, provided that they lie in

the ranges accessible to the technique. If we use (70) to define a slowing-down time

Isq = Bil(EO/Ewop)l/2 (71)
and insert (71) into (68), we obtain

_ E
6s = tsytanh(h 2kgT) (1 — — + —In————).
3 s hhwopt/ 2ke )( E0+E0 Z _E
With m = 2m, and, as typical values for Ps-forming materials«ps = 1 x 104 s~* and
tsg = 25 x 10712 s [16], the square root of the numerical prefactor in (72) becomes

(hwopt2y/m)Y/? = 4.8 pum. (73)
With the further assumptions = 1 x 10° kg m™3 and Ey = 6.8 eV, the relationship

(Eop/h)? = 2mp(2E0)?m ™14 (74)
gives us for the parameter characterizing the deformation potential

Eop=03x 10 eV m™. (75)

This means that a displacement of the host atoms by°lh changes the positron energy
by 0.3 eV, which is certainly a plausible order of magnitude, indicating that the model
[3] is capable of accounting for the slowing-down observations on Ps-formers with optical
phonons.

The preceding treatment disregards the position annihilation. Often this is a good
approximation since, unless, <« Xs, one cannot study the slowing-down process in detail.
In the present case the quadratures required for taking into ac&quint calculating the
Laplace transfornE may be performed in closed form by the procedure developed in [3].
However, since the resulting expressions are fairly complicated we refrain from giving them
here. For moderately large, the energyE at which (68) has to be cut off because of the
finite mean lifetimet of the € may be estimated simply from

E'=E 1
T= —— dE". 76
./1::/E0 (dE’/d)s (76)

The integral has been evaluated in the appendix of reference [3].

The present numerical example correspondéAgyhiwo,) Y2 = 4.0 and, if we attribute
to p-Ps the mean vacuum lifetime = 1.25 x 10°1% s, to BT = 20. This means that
in this case taking into accour¥, would modify equations (68) and (70) only slightly.
On the other hand, the estimatg ~ 7/5 indicates that in calculating the mean square
slowing-down distance 6= (r2), the mechanisms limiting the diffusivity dhermalized
Ps, in particular the scattering by acoustical phonons, must be allowed for. Nevertheless,
the numerical estimate (73) in conjunction with (72) indicates that foy-8sis much larger
than the extension of the spur or the ‘short track’ discussed in models of Ps formation (see,
e.g., [19]). It appears that so far this aspect of Ps formation has not received adequate
attention.
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A noteworthy feature of (68) and (69) is that the mean displaceni@ni/? is
proportional tom=2. This has the consequence that for muonium Mu(ute™), with
m = 103n,, the numerical value (73) is about four powers of ten smaller than for Ps (in
the present example, equal to 0.45 nm). This means that a fair fraction of Mu ‘atoms’ will
interact with the spur produced by their owri before they formed Mu, in striking contrast
to the case for Ps.
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